2.
A generalization of the theorem of Proskuryakov and Kosmak. In [1] and [3] it is proved that, if P is a subset of R d having d + 2 points in general position, then two points will lie in the same component of the (unique) Radon partition of P if and only if they are separated by the hyperplane through the remaining d points. A direct generalization of this result is the first theorem of this paper. Throughout, | S | indicates the cardinality of S. However, since \P ~ T\ -n -k ^ d, this is a contradiction to the fact P -ϊ 7 is affinely independent. Thus, let Σses <^s = a > 0. Then
giving a point in convSf) aff (P -S), which completes the proof. The Proskuryakov and Kosmak Theorem is the case of n = d + 2 and k = 2. Routine calculations show that all coefficients are nonnegative and that those on each side add up to 1 -{βb>l<>ib)-Provided this common sum is positive, simply divide both sides of (*) by this number to obtain a convex combination of points in A equal to a convex combination of points in B ~ {&' }. This is a contradiction to the minimality assumption, so | A U B | <£ d + 2. Thus, it remains to show that, for some i, 1 -(βb>βib') > 0. A straight-forward computation shows that, if it is 0, then necessarily Xi = 0. But since there are at least two points in C, and these points are affinely independent, some x d Φ 0. Thus, an appropriate choice of i is possible. The proof is complete.
This leads directly to another characterization of Radon partitions: , it is easily applied to any primitive partition in some set P. The criterion given here is in the spirit of that of Proskuryakov and Kosmak except that a type of spherical "separation" is used in place of their hyperplane. In
Then a subset S of P is one component of a Radon partition of P if and only if there exists a primitive partition {A, B) in P with {say) S Π A -0 and B c S. The set S is contained in a component of a Radon partition of P if and only if there exists a primitive partition {A, B) in P with
Since u is on S u , we have This theorem yields a nice generalization of a problem stated and proved in [2] . Proof. Let {A y B} be the unique Radon partition of P. Then, in particular, we have A Φ 0 and B Φ 0 so (i) is valid. Part (ii) follows, since an assumption to the contrary would result in an outside class of one point and an inside class of d + 1 points. This type of partition is only possible when one point is in the convex hull of the other d + 1 points. But we have an obvious contradiction, namely an interior point of a simplex outside the circumsphere of the simplex.
